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NONLOCAL SYMMETRIES, CONSERVATION LAWS, AND RECURSION
OPERATORS OF THE VERONESE WEB EQUATION
I.S. KRASIL′SHCHIK, O.I. MOROZOV, AND P. VOJCˇA´K
Abstract. We study the Veronese web equation uyutx + λuxuty − (λ + 1)utuxy = 0 and using
its isospectral Lax pair construct two infinite series of nonlocal conservation laws. In the infinite
differential coverings associated to these series, we describe the Lie algebras of the corresponding
nonlocal symmetries. Finally, we construct a recursion operator and explore its action on nonlocal
shadows. The operator provides a new shadow which serves as a master-symmetry.
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Introduction
This work finalizes our research of Lax-integrable (i.e., admitting Lax pairs with non-vanishing
spectral parameter) linearly degenerate (in the sense of [11]) 3D equations, see [1, 2, 3, 4, 12, 13].
We deal here with the Veronese web equation (VWE)
uyutx + λuxuty − (λ+ 1)utuxy = 0, (1)
which is a generic case of the so-called ABC-equation, A+B+C = 0, introduced in [26] (see also [10,
18]). Here λ 6= 0 is a real parameter. This equation determines three-dimensional Veronese webs that
appear in the study of three-dimensional bi-Hamiltonian systems, see [8] and references therein. In
[10] a one-to-one correspondence between three–dimensional Veronese webs and Lorentzian Einstein–
Weyl structures of hyper-CR type was found. The latter are parametrized by the solutions of the
hyper-CR equation
uyy = utx + uy uxx − ux uxy, (2)
which is a symmetry reduction of Pleban´ski’s second heavenly equation, see [9]. In [23] it was shown
that equations (1) and (2) are related by a Ba¨cklund transformation. This transformation produces,
inter alia, non-local conservation laws for equation (2) from local conservation laws of equation (1),
see [19].
Equation (1) admits a Lax pair with a non-vanishing spectral parameter [26], see also [7], and
we use the scheme applied before in similar situations: we expand this Lax pair in formal series
with respect to the spectral parameter and “cut” the result into two infinite-dimensional coverings
called the positive and negative ones τ+ and τ−, resp., see Section 1. Then, in Section 2, we
give a full description of the Lie algebras formed by nonlocal symmetries in these coverings. The
arising algebras are infinite-dimensional and possess quite an interesting structures, to our opinion.
In Section 3, we construct two mutually inverse recursion operators and study their action on
shadows of nonlocal symmetries. An interesting feature of the VWE which distinguishes it from
other linearly degenerate equations is that the recursion operators generate a new symmetry in the
Whitney product of τ+ and τ−. This is a master-symmetry.
In the subsequent exposition, we use definitions and constructions from the geometric theory of
PDEs [6] and its nonlocal version [16]. A concise exposition of the necessary material can be found
in the preliminary parts of [12] or [4]. Everywhere below we omit the proofs that are accomplished
by straightforward computations.
1. The Veronese web equation and its coverings
Rewrite Equation (1) in the form
uty =
(λ+ 1)utuxy − uyutx
λux
(3)
and choose the functions
x, y, t, uxk , uxkyl , uxktl , k ≥ 0, l > 0,
for internal coordinates on the infinite prolongation E of VWE, where
uxiyitk =
∂i+j+ku
∂xi∂yj∂tk
.
Then the total derivatives on E acquire the form
Dx =
∂
∂x
+
∑
k uxk+1
∂
∂uxk
+
∑
k,l
(
uxk+1yl
∂
∂uxkyl
+ uxk+1tl
∂
∂uxktl
)
,
Dy =
∂
∂y
+
∑
k uxky
∂
∂uxk
+
∑
k,l
(
uxkyl+1
∂
∂uxkyl
+DkxD
l−1
t (R)
∂
∂uxktl
)
,
Dt =
∂
∂t
+
∑
k uxkt
∂
∂uxk
+
∑
k,l
(
DkxD
l−1
y (R)
∂
∂uxkyl
+ uxktl+1
∂
∂uxktl
)
,
(4)
where R is the right-hand side of (3).
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The Lax pair for the VWE is
wt =
µ(λ+ 1)
λ(µ+ 1)
ut
ux
wx, wy =
µ
λ
uy
ux
wx, (5)
where µ ∈ R is the spectral parameter. Expanding w =
∑
i
µiwi, one obtains
wi,t =
(λ+ 1)
λ
ut
ux
wi−1,x − wi−1,t, wi,y =
1
λ
uy
ux
wi−1,x, (6)
where i ∈ Z. Setting wi = 0 for i < 0, we obtain the positive covering; if we set wi = 0 for i > 0 the
negative covering arises.
1.1. The positive covering. The defining equations for the positive covering τ+ : E+ → E are
qi,t =
(λ+ 1)
λ
ut
ux
qi−1,x − qi−1,t, qi,y =
uyqi−1,x
λux
, (7)
where i ≥ 1 and we formally set q0 = x. Nonlocal variables in the covering τ
+ : E+ → E are qki,x,
i ≥ 1, k ≥ 0 (in particular, q0i,x = qi), and the total derivatives on E
+ are
D˜x = Dx +
∑
i,k
qk+1i,x
∂
∂qki,x
, D˜y = Dy +
∑
i,k
D˜kx(qi,y)
∂
∂qki,x
, D˜t = Dt +
∑
i,k
D˜kx(qi,t)
∂
∂qki,x
, (8)
where qi,y and qi,t are given by Equations (7).
Consider the tower of coverings
E+ // . . . // E+i+1
// E+i
// . . . // E+0 = E,
where nonlocal variables in E+i are q
k
α,x, 1 ≤ α ≤ i, k ≥ 0.
Proposition 1. The 2-forms
ωki+1 =
(
D˜kx(qi+1,y) dy + D˜
k
x(qi+1,t) dt
)
∧ dx
are linearly independent 2-component conservation laws on E+i .
When proving this statement, as well as Proposition 2, we use the following fact (see [14]): Let E
be a differentially connected equation (i.e., an equation such that the only functions on E annihilated
by all total derivatives are constants) and let τΩ : EΩ → E be an Abelian covering associated with a
system of conservation laws Ω = {ω1, . . . , ωs}. Then these conservation laws are linearly independent
if and only if the covering equation is differentially connected as well.
Proof. The proof uses a double induction: on i and on k for each i. Obviously, VWE is differentially
connected; denote by Ks the space of functions that are annihilated by D˜x, D˜y, D˜t and have jet
order ≤ s. Let f ∈ Ks.
Step 1 (i = 1, k = 0). We have
D˜y = Dy +
1
λ
uy
ux
∂
∂q1
in this case, from where it follows that s = 0, i.e., f = f(x, y, t, u, q1). Hence, f must be invariant
w.r.t.
∂
∂y
+ uy
∂
∂u
+
1
λ
uy
ux
∂
∂q1
.
But f is independent of ux; consequently, it does not depend on q1.
Step 2 (i = 1, k > 0). One has
D˜y = Dy +
1
λ
k∑
α=0
D˜αx
(
uy
ux
)
∂
∂qα1,x
.
The maximal jet order of the nonlocal summand is k + 1 and the variables of this order are uxk+1
and uxky. Using expression (4) for D˜y, we see that
Z1 =
[ ∂
∂uxk+1
, D˜y
]
= −
λ+ 1
λ
utuxy − uyuxt
u2x
∂
∂uxkt
−
1
λ
uy
u2x
∂
∂qk1,x
.
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On the other hand, since the coefficients of D˜y do not depend on uyl , l > 1, the function f ∈ Ks
cannot depend on uyl , l > 0. Consequently, it must be invariant w.r.t.
Z2 =
[ ∂
∂uy
, Z1
]
=
λ+ 1
λ
uxt
u2x
∂
∂uxkt
−
1
λ
1
u2x
∂
∂qk1,x
.
But the field ∂/∂qk1,x is a linear combination of Z1 and Z2; hence, f does not depend on q
k
1,x.
Step 3 (i > 1, k = 0). From Equations (8) and (7) we see that
D˜y = Dy +
1
λ
i∑
β=1
kβ∑
α=0
D˜αx
(
uyqβ−1,x
ux
)
∂
∂qαβ,x
= Dy +
1
λ
i∑
β=1
kβ∑
α=0
(
uy
ux
qα+1β−1,x + αD˜x
(
uy
ux
)
qαβ−1,x + . . .
)
∂
∂qαβ,x
This means that the inequalities
k1 > k2 > · · · > ki (9)
hold. Consequently, the maximal jet order of the coefficients appears at the term
1
λ
D˜k1x
(
uy
ux
q1,x
)
∂
∂qk11,x
,
which means that repeating the reasoning of Step 2 one can prove that f ∈ Ks is independent of
the variables qk11,x, . . . , q
k2+1
1,x , i.e., k1 = k2, which is impossible by (9).
Step 4 (i > 1, k > 0). The proof at this step repeats literary the one accomplished at Step 2
for i = 1.
The result is proved. 
1.2. The negative covering. The negative covering τ− : E− → E is defined by the system
ri,t =
(λ+ 1)utri−1,y
uy
− ri−1,t, ri,x =
λuxri−1,y
uy
, (10)
where i ≥ 1 and r0 = y. Nonlocal variables in E
− are rki,y, i ≥ 1, k ≥ 0 (in particular, r
0
i,x = ri),
while the total derivatives take the form
D˜x = Dx +
∑
i,k
D˜ky(ri,x)
∂
∂rki,y
, D˜y = Dy +
∑
i,k
rk+1i,y
∂
∂rki,y
, D˜t = Dt +
∑
i,k
D˜ky (ri,t)
∂
∂rki,y
, (11)
where ri,x, ri,t are given by Equations (10).
Similar to the positive case, we consider the tower
E− // . . . // E−i−1
// E−i
// . . . // E−0 = E,
where nonlocal variables in E−i are r
k
α,y, 1 ≤ α ≤ i, k ≥ 0.
Proposition 2. The 2-forms
θki+1 =
(
D˜ky(ri+1,x) dx+ D˜
k
y(ri+1,t) dt
)
∧ dy
are linearly independent 2-component conservation laws on E−i .
Proof. The proof of this statement is similar to the one of Proposition 1, but we must work with
the field D˜x instead of D˜y. 
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2. Lie algebras of nonlocal symmetries
Local symmetries of E are solutions to the linearization
ℓE(ϕ) = 0 (12)
of Equation (1), where
ℓE =
(
uyDxDt + uxtDy
)
+ λ
(
uxDtDy + utyDx
)
− (λ+ 1)
(
utDxDy + uxyDt
)
; (13)
they form a Lie algebra w.r.t. the Jacobi bracket {· , ·} denoted by sym(E). The corresponding vector
field on E is the evolution derivation
Eϕ =
∑
Dσ(ϕ)
∂
∂uσ
,
where summation is done over all the internal coordinates uσ on E.
Direct computations lead to the following
Proposition 3. The algebra sym(E) is spanned by the elements
ϕ1(T ) = Tut, ϕ2(X) = Xux, ϕ3(Y ) = Y uy, ϕ4(U) = U,
where T = T (t), X = X(x), Y = Y (y), U = U(u) are arbitrary smooth functions. The non-zero
commutators are
{ϕ1(T ), ϕ1(T˜ )} = ϕ1([T˜ , T ]), {ϕ2(X), ϕ2(X˜)} = ϕ2([X˜,X]),
{ϕ3(Y ), ϕ3(Y˜ )} = ϕ3([Y˜ , Y ]), {ϕ4(U), ϕ4(U˜ )} = ϕ4([U, U˜ ]),
where [Z, Z˜ ] denotes Z∂Z˜/∂z − Z˜∂Z/∂z for any functions Z and Z˜ in z.
2.1. The algebra symτ+(E). To find the Lie algebra symτ+(E) of nonlocal symmetries in the
positive covering τ+, one needs to solve the following system:
ℓ˜E(ϕ) = 0,
D˜t(ϕ
i) =
(λ+ 1)
λ
(
uxD˜t(ϕ)− utD˜x(ϕ)
u2x
qi−1,x +
ut
ux
D˜x(ϕ
i−1)
)
− D˜t(ϕ
i−1),
D˜y(ϕ
i) =
1
λ
(
uxD˜y(ϕ) − uyD˜x(ϕ)
u2x
qi−1,x +
uy
ux
D˜x(ϕ
i−1)
)
,
(14)
where ℓ˜E denotes the natural lift of the operator (13) from E to E
+. Solutions of (14) are denoted
by
Φ = [ϕ,ϕ1, . . . , ϕi, . . . ],
and to any such a Φ there corresponds the vector field
SΦ = E˜ϕ +
∑
i,k
D˜kx(ϕ
i)
∂
∂qki,x
on E+. Solutions of the first equation in (14) are called nonlocal τ+-shadows. In particular, local
symmetries can be considered as shadows in any covering. If ϕ is a shadow and there exists a
nonlocal symmetry Φ = [ϕ,ϕ1, . . . ] then we say that this shadow lifts to the covering. Nonlocal
symmetries Φ with ϕ = 0 (i.e., with trivial shadows) are called invisible. Given Φ and Φ˜, one can
define their bracket by
{Φ, Φ˜} = SΦ(Φ˜)− SΦ˜(Φ),
where the action is component-wise.
Consider the vector field
X =
∞∑
i=0
(i+ 1)qi+1
∂
∂qi
, (15)
(recall that q0 = x) and set
P0(X) = X, Pj(X) =
1
j
X(Pj−1(X)), j ≥ 1. (16)
Proposition 4. All the local symmetries of the VWE can be lifted to the positive covering.
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Proof. Denote by Φα = [ϕα, ϕ
1
α, . . . , ϕ
i
α, . . . ], α = 1, . . . , 4, the lifts to be constructed and set
ϕi1(T ) = Tqi,t, ϕ
i
2(X) = Xqi,x − Pi(X), ϕ
i
3(Y ) = Y qi,y, ϕ
i
4(U) = 0.
A direct computation shows that the functions Φ1 = Φ1(T ), Φ2 = Φ2(X), Φ3 = Φ3(Y ), and Φ4 =
Φ4(U) are the desired lifts. 
We now construct two series of τ+-nonlocal symmetries.
The first one, denoted by Ψ+k = [ψ
+
k , ψ
+,1
k , . . . , ψ
+,i
k , . . . ], k ≥ 2, arises as follows. The symme-
tries Ψ+2 , Ψ
+
3 , and Ψ
+
4 are introduced “by hand”:
ψ+2 = (2q2 − q1(q1,x − 1))ux,
ψ+,i2 = −(i+ 2)qi+2 − (i+ 1)qi+1 + 2q2qi,x + q1 (qi+1,x − (q1,x − 1)qi,x)
+
1
λ
((i+ 1)qi+1 + iqi − q1qi,x);
ψ+3 = (3q3 − 2q2q1,x − q1(q2,x − q
2
1,x + 1))ux,
ψ+,i3 = −(i+ 3)qi+3 + (i+ 1)qi+1 + 3q3qi,x + 2q2(qi+1,x − q1,xqi,x)
+ q1
(
qi+2,x − q1,xqi+1,x − (q2,x − q
2
1,x + 1)qi,x
)
+
1
λ
((i+ 2)qi+2 − iqi − 2q2qi,x − q1(qi+1,x − q1,xqi,x));
ψ+4 = (4q4 − 3q3q1,x − 2q2(q2,x − q
2
1,x)− q1(q3,x − 2q1,xq2,x + q
3
1,x − 1))ux,
ψ+,i4 = −(i+ 4)qi+4 − (i+ 1)qi+1 + 4q4qi,x + 3q3(qi+1,x − q1,xqi,x)
+ 2q2
(
qi+2,x − q1,xqi+1,x − (q2,x − q
2
1,x)qi,x
)
+ q1(qi+3,x − q1,xqi+2,x − (q2,x − q
2
1,x)qi+1,x − (q3,x − 2q1,xq2,x + q
3
1,x − 1)qi,x)
+
1
λ
((i+ 3)qi+3 + iqi − 3q3qi,x − 2q2(qi+1,x − q1,xqi,x)
− q1(qi+2,x − q1,xqi+1,x − (q2,x − q
2
1,x)qi,x)).
For k > 4, we set
Ψ+k =
1
k − 4
({
Ψ+k−2,Ψ
+
2
}
− (k − 3)Ψ+k−1 + (−1)
kΨ+3
+
1
λ
(
(k − 4)Ψ+k−1 + (k − 3)Ψ
+
k−2 − (−1)
kΨ+2
))
.
Now, the second series Ξ+k (X) = [ξ
+
k (X), ξ
+,1
k (X), . . . , ξ
+,i
k (X), . . . ], k ≥ 1, is defined by the
relations
ξ+1 (X) = (Xq1,x −Xxq1)ux,
ξ+,i1 (X) = X(q1,xqi,x − qi+1,x)−Xxq1qi,x + Pi+1(X) +
1
λ
(Xqi,x − Pi(X));
ξ+2 (X) =
(
X(q2,x − q
2
1,x) +Xx(q1q1,x − q2)−
1
2
Xxxq
2
1
)
ux,
ξ+,i2 (X) = X(q1,xqi+1,x + (q2,x − q
2
1,x)qi,x − qi+2,x)−Xx(q2qi,x + q1(qi+1,x − q1,xqi,x))
−
1
2
Xxxq
2
1qi,x + Pi+2(X) +
1
λ
(X(qi+1,x − q1,xqi,x) +Xxq1qi,x − Pi+1(X)),
where the functions Pi(X) are given by relations (16), and
Ξ+k (X) =
1
k − 2
({
Ξ+k−2(X),Ψ
+
2
}
− Ξ+k−1(X) +
1
λ
(k − 3)
(
Ξ+k−1(X) + Ξ
+
k−2(X)
) )
for k ≥ 3.
Finally, invisible symmetries in τ+ are
Φinvk (X) = [0, . . . , 0︸ ︷︷ ︸
k−times
, P0(X), P1(X), . . . ],
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where k ≥ 1 and Pi(X) are given by (16), as above.
To describe the Lie algebra structure in symτ+(E), it is convenient to relabel the above introduced
symmetries. Namely, we change the generators of symτ+(E) as follows:
Φ2(X) 7→ −Ξ
+
0 (X), Φ
inv
k (X) 7→ Ξ
+
−k(X), k ≥ 1,
and
Ψ+k 7→ (−1)
k+1Ψ+k , k ≥ 2, Ξ
+
k (X) 7→ (−1)
kΞ+k (X), k ∈ Z.
Proposition 5. In the new basis, the Lie algebra structure of symτ+(E) is given by the brackets
{Ψ+i ,Ψ
+
j } = (j − i)
(
Ψ+i+j +
1
λ
Ψ+i+j−1
)
− (j − 1)
(
Ψ+j+1 +
1
λ
Ψ+j
)
+ (i− 1)
(
Ψ+i+1 +
1
λ
Ψ+i
)
for all j > i ≥ 2. One also has
{Ξ+i (X),Ξ
+
j (X˜)} =

Ξ
+
i+j([X, X˜ ]), i, j ≤ 0 or i < 0, j > 0, i+ j > 0,
Ξ+i+j([X, X˜ ]) +
1
λ
Ξ+i+j−1([X, X˜ ]), otherwise,
i, j ∈ Z, and
{Ψ+i ,Ξ
+
j (X)} =


j
(
Ξ+i+j(X)− Ξ
+
j+1(X)
)
+
1
λ
(
(j − 1)Ξ+i+j−1(X)− Ξ
+
j (X)
)
, j ≥ 1,
j
(
Ξ+i+j(X) − Ξ
+
j+1(X)−
1
λ
Ξ+j (x)
)
, j < 1, i+ j > 0,
j
(
Ξ+i+j(X) − Ξ
+
j+1(X)−
1
λ
(
Ξ+i+j−1(X)− Ξ
+
j (X)
))
, otherwise,
i ≥ 2, j ∈ Z. All the other commutators vanish.
2.2. The algebra symτ−(E). Computations here go along the same lines as in Subsection 2.1 and
we use similar notation below. The defining equations are
ℓ˜E(ϕ) = 0,
D˜t(ϕ
i) = (λ+ 1)
(
uyD˜t(ϕ) − utD˜y(ϕ)
u2y
ri−1,y +
ut
uy
D˜y(ϕ
i−1)
)
− D˜t(ϕ
i−1),
D˜x(ϕ
i) = λ
(
uyD˜x(ϕ) − uxD˜y(ϕ)
u2y
ri−1,y +
ux
uy
D˜y(ϕ
i−1)
)
,
(17)
where “tilde” marks operators on E−. A solution Φ = [ϕ,ϕ1, . . . , ϕi, . . . ] of (17) corresponds to the
vector field
SΦ = E˜Φ +
∑
i,k
D˜ky(ϕ
i)
∂
∂rki,y
on E− and the bracket {Φ, Φ˜} = SΦ(Φ˜)− SΦ˜(Φ) is defined for such solutions.
To proceed with further constructions, we will introduce the vector field
Y =
∞∑
i=0
(i+ 1)ri+1
∂
∂ri
, (18)
and the quantities Qj, j = 0, 1 . . . defined as follows:
Q0(Y ) = Y, Qj(Y ) =
1
j
Y(Qj−1(Y )), j ≥ 1, (19)
(recall that r0 = y).
Proposition 6. All the local symmetries of the WVE can be lifted to the negative covering.
Proof. Denote the lifts by Φα = [ϕα, ϕ
1
α, . . . , ϕ
i
α, . . . ], α = 1, . . . , 4, and set
ϕi1(T ) = Tri,t, ϕ
i
2(X) = Xri,x, ϕ
i
3(Y ) = Y ri,y −Qi(Y ), ϕ
i
4(U) = 0.
The rest of proof is a straightforward check. 
8 I.S. KRASIL′SHCHIK, O.I. MOROZOV, AND P. VOJCˇA´K
Let us now construct, similar to the positive case, two series of nonlocal symmetries. The first
one Ψ−k = [ψ
−
k , ψ
−,1
k , . . . , ψ
−,i
k , . . . ], k ≥ 2, is defined as follows. For k = 2, 3, 4 we set
ψ−2 = (2r2 − r1(r1,y − 1))uy ,
ψ−,i2 = −(i+ 2)ri+2 − (i+ 1)ri+1 + 2r2ri,y + r1 (ri+1,y − (r1,y − 1)ri,y)
+ λ((i+ 1)ri+1 + iri − r1ri,y);
ψ−3 = (3r3 − 2r2r1,y − r1(r2,y − r
2
1,y + 1))uy ,
ψ−,i3 = −(i+ 3)ri+3 + (i+ 1)ri+1 + 3r3ri,y + 2r2(ri+1,y − r1,yri,y)
+ r1
(
ri+2,y − r1,yri+1,y − (r2,y − r
2
1,y + 1)ri,y
)
+ λ((i+ 2)ri+2 − iri − 2r2ri,y − r1(ri+1,y − r1,yri,y));
ψ−4 = (4r4 − 3r3r1,y − 2r2(r2,y − r
2
1,y)− r1(r3,y − 2r1,yr2,y + r
3
1,y − 1))uy,
ψ−,i4 = −(i+ 4)ri+4 − (i+ 1)ri+1 + 4r4ri,y + 3r3(ri+1,y − r1,yri,y)
+ 2r2
(
ri+2,y − r1,yri+1,y − (r2,y − r
2
1,y)ri,y
)
+ r1(ri+3,y − r1,yri+2,y − (r2,y − r
2
1,y)ri+1,y − (r3,y − 2r1,yr2,y + r
3
1,y − 1)ri,y)
+ λ((i+ 3)ri+3 + iri − 3r3ri,y − 2r2(ri+1,y − r1,yri,y)− r1(ri+2,y − r1,yri+1,y − (r2,y − r
2
1,y)ri,y)).
For k > 4 we define
Ψ−k =
1
k − 4
( {
Ψ−k−2,Ψ
−
2
}
− (k − 3)Ψ−k−1 + (−1)
kΨ−3
+ λ
(
(k − 4)Ψ−k−1 + (k − 3)Ψ
−
k−2 − (−1)
kΨ−2
) )
.
Introduce the second series Ξ−k (Y ) = [ξ
−
k (Y ), ξ
−,1
k (Y ), . . . , ξ
−,i
k (Y ), . . . ] now by
ξ−1 (Y ) = (Y r1,y − Yyr1)uy,
ξ−,i1 (Y ) = Y (r1,yri,y − ri+1,y)− Yyr1ri,y +Qi+1(Y ) + λ(Y ri,y −Qi(Y ));
ξ−2 (Y ) =
(
Y (r2,y − r
2
1,y) + Yy(r1r1,y − r2)−
1
2
Yyyr
2
1
)
uy,
ξ−,i2 (Y ) = Y (r1,yri+1,y + (r2,y − r
2
1,y)ri,y − ri+2,y)− Yy(r2ri,y + r1(ri+1,y − r1,yri,y))
−
1
2
Yyyr
2
1ri,y +Qi+2(Y ) + λ(Y (ri+1,y − r1,yri,y) + Yyr1ri,y −Qi+1(Y ))
and for k ≥ 3
Ξ−k (Y ) =
1
k − 2
( {
Ξ−k−2(Y ),Ψ2
}
− Ξ−k−1(Y ) + λ(k − 3)
(
Ξ−k−1(Y ) + Ξ
−
k−2(Y )
) )
.
Invisible symmetries in τ− have the form
Φinvk (Y ) = [0, . . . , 0︸ ︷︷ ︸
k−times
, Q0(Y ), Q1(Y ), . . . ]
where k ≥ 1 and Qi(Y ) are given by (19).
We again relabel the generators by
Φ3(Y ) 7→ −Ξ
−
0 (Y ), Φ
inv
k (Y ) 7→ Ξ
−
−k(Y ), k ≥ 1,
and
Ψ−k 7→ (−1)
k+1Ψ−k , k ≥ 2, Ξ
−
k (Y ) 7→ (−1)
kΞ−k (Y ), k ∈ Z.
Then the following statement holds:
Proposition 7. The above defined generators enjoy the following relations:
{Ψ−i ,Ψ
−
j } = (j − i)(Ψ
−
i+j + λΨ
−
i+j−1)− (j − 1)(Ψ
−
j+1 + λΨ
−
j ) + (i− 1)(Ψ
−
i+1 + λΨ
−
i )
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for j > i ≥ 2,
{Ξ−i (Y ),Ξ
−
j (Y˜ )} =

Ξ
−
i+j([Y, Y˜ ]), i ≤ 0, j > 0, i + j > 0 or j ≤ 0,
Ξ−i+j([Y, Y˜ ]) + λΞ
−
i+j−1([Y, Y˜ ]), otherwise,
for all i < j ∈ Z, and
{Ψ−i ,Ξ
−
j (Y )} =


j
(
Ξ−i+j(Y )− Ξ
−
j+1(Y )
)
+ λ
(
(j − 1)Ξ−i+j−1(Y )− Ξ
−
j (Y )
)
, j ≥ 1
j
(
Ξ−i+j(Y )− Ξ
−
j+1(Y )− λΞ
−
j (Y )
)
, j < 1, i+ j > 0,
j
(
Ξ−i+j(Y )− Ξ
−
j+1(Y ) + λ(Ξ
−
i+j−1(Y )− Ξ
−
j (Y ))
)
, otherwise,
for j ∈ Z, i ≥ 2.
3. Recursion operators and a master-symmetry
According to the general theory, see [21], recursion operators for symmetries arise as Ba¨cklund
auto-transformations of the tangent space TE, cf. [15]. In the case of VWE, this BT is
uxD˜t(ζ) = utx ζ − uxD˜t(η) +
λ+ 1
λ
ut D˜x(η) −
1
λ
utx η,
uxD˜y(ζ) = uxy ζ +
1
λ
uy D˜x(η)−
1
λ
uxy η.
(20)
Proposition 8. Let η be a τ±-shadow. Then ζ = R+(η) obtained as a solution of (20) is a shadow
as well. Vice versa, if η is a shadow the ζ = R−(η) obtained in the same way is a shadow too.
Proof. To construct a recursion operator for Equation (1) we use the techniques of [25], cf. [20, 22, 24,
17, 4] also. We find a shadow for VWE in the covering (5). It is of the form s = H(w)ux w
−1
x , where
H is an arbitrary function in w. Since System (5) is invariant with respect to the transformation w 7→
H(w), we put, without loss of generality, s = uxw
−1
x . Differentiation of (5) by x and substitution
qx = ux s
−1 gives another covering
st =
µ (λ+ 1)ut
λ (µ + 1)ux
sx +
(λ− µ)utx
λux
s, sy =
µuy
λux
sx +
(λ− µ)uxy
λux
s (21)
for Equation (1). Note that s is a solution to the linearization (12), (13) of VWE. Now put
s =
∞∑
n=−∞
sn µ
n. (22)
Since system (12), (13) is independent of µ, each sn is a solution to this system as well. Substitut-
ing (22) to system (12), (13) yields
sn+1,t =
utx
ux
sn+1 − sn,t +
λ+ 1
λ
ut
ux
sn,x −
1
λ
utx
ux
sn,
sn+1,y =
uxy
ux
sn+1 +
1
λ
uy
ux
sn,x −
1
λ
uxy
ux
sn.
Relabeling sn = η and sn+1 = ζ, we obtain the result. 
Thus, R+ and R− are mutually inverse recursion operators.
3.1. Action of recursion operators. We now describe the action of the operators R+ and R− in
detail. First of all, it immediately follows from (20) that
R+(0) = ξ
+
0 (X), R−(0) = ξ
−
0 (Y )
and thus all subsequent actions of R+ and R− are defined modulo addition of ξ
+
0 (X) and ξ
−
0 (Y ),
respectively.
Further, one has
R+(ϕ1(T )) = −ϕ1(T ), R−(ϕ1(T )) = −ϕ1(T ),
R+(ϕ4(U)) = λ
−1ϕ4(U), R−(ϕ4(U)) = λϕ4(U)
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and
R+(ξ
+
i (X)) = ξ
+
i+1(X), i ≥ 0, R+(ξ
−
i (X)) = ξ
−
i−1(X), i ≥ 1, R+(ξ
−
0 (X)) = 0;
R−(ξ
−
i (X)) = ξ
−
i+1(X), i ≥ 0, R−(ξ
+
i (X)) = ξ
+
i−1(X), i ≥ 1, R−(ξ
+
0 (X)) = 0.
Finally,
R+(ψ
+
i ) = ψ
+
i+1, i ≥ 2, R+(ψ
−
i ) = ψ
−
i−1, i ≥ 3, R+(ψ
−
2 ) = ψ1;
R−(ψ
−
i ) = ψ
−
i+1, i ≥ 2, R−(ψ
+
i ) = ψ
+
i−1, i ≥ 3, R−(ψ
+
2 ) = ψ1.
(23)
The new shadow that arises in Equations (23) “lives” in the Whitney product of τ+ and τ− and
has the form
ψ1 = λux q1 + uy r1 (24)
and will be studied in Subsection 3.2.
The following diagram illustrates the above described actions:
ϕ1(T )
R+
//
ϕ1(T ),
R−
oo ϕ4(U)
R+
//
ϕ4(U),
R−
oo
. . .
R+
//
ξ−2 (Y )R−
oo
R+
//
ξ−1 (Y )R−
oo
R+
//
ξ−0 (Y )R−
oo
R+
//
0
R−
oo
R+
//
ξ+0 (X)R−
oo
R+
//
ξ+1 (X)R−
oo
R+
//
ξ+2 (X)R−
oo
R+
//
. . .
R−
oo
. . .
R+
//
ψ−4R−
oo
R+
//
ψ−3R−
oo
R+
//
ψ−2R−
oo
R+
//
ψ1
R−
oo
R+
//
ψ+2R−
oo
R+
//
ψ+3R−
oo
R+
//
ψ+4R−
oo
R+
//
. . .
R−
oo
3.2. Master-symmetry. Let us describe the lift
Ψ1 = ψ1
∂
∂u
+
∑
i
(
ψ+,i1
∂
∂qi
+ ψ−,i1
∂
∂ri
)
of the shadow ψ1 to the Whitney product τ
+ ⊕ τ−. To this end we set
ψ+,i1 = iqi + (i− 1)qi−1 + r1qi,y − λ
(
(i+ 1)qi+1 + iqi − q1qi,x
)
,
ψ−,i1 = −(i+ 1)ri+1 − iri + r1ri,y + λ
(
iri + (i− 1)ri−1 + q1ri,x
)
,
for all i ≥ 1, and this is the desired lift. Then the commutators of Ψ1 with the already constructed
symmetries are as follows:
{Ψ1,Ψ
+
i } =


λΨ+3 − (2λ− 1)Ψ
+
2 −
1
λ
Ψ1, i = 2,
λ(i− 1)Ψ+i+1 − ((λ− 1)i+ 1)Ψ
+
i − iΨ
+
i−1 −
1
λ
Ψ1, i > 2,
and
{Ψ1,Ψ
−
i } =
{
Ψ−3 + (λ− 2)Ψ
−
2 − λΨ1, i = 2,
(i− 1)Ψ−i+1 + ((λ− 1)i − λ)Ψ
−
i − λ(iΨ
−
i−1 +Ψ1), i > 2.
Further, we have
{Ψ1,Ξ
+
i (X)} =


iλΞ+i+1(X)−
(
i(λ− 1) + 1
)
Ξ+i (X) − (i− 1)Ξ
+
i−1(X), i > 0,
0, i = 0,
i
(
λΞ+i+1(X) − (λ− 1)Ξ
+
i − Ξ
+
i−1(X)
)
, i ≤ −1,
and
{Ψ1,Ξ
−
i (Y )} =


iΞ−i+1(Y ) +
(
i(λ− 1)− λ
)
Ξ−i (Y )− λ(i− 1)Ξ
−
i−1(Y )), i > 0,
0, i = 0,
(i− 1)
(
Ξ−i−1(Y ) + (λ− 1)Ξ
−
i (Y )− λΞ
−
i+1(Y )
)
, i ≤ −1.
Note finally, that {Ψ1,Φ1(T )} = {Ψ1,Φ4(U)} = 0.
Thus we see that Ψ1 plays the role of a master-symmetry: taking Ψ
+
2 , Ψ
−
2 , Ξ
+
±1(X), Ξ
−
±1(Y ) for
“seeds” and acting by {Ψ1, ·}, we can obtain the entire hierarchies Ψ
+
i , Ψ
−
i , i > 2, Ξ
+
i (X), Ξ
−
i (Y ),
i > 1, and Ξ+i (X), Ξ
−
i (Y ), i < −1.
To conclude, let us compare briefly the Lie algebra structures of nonlocal symmetries for all
the five linearly degenerate 3D equations studied in [4] and here. All these algebras are infinite-
dimensional. For the the rdDym equation uty = uxuxy − uyuxx, the 3D Pavlov equation (2), and
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the universal hierarchy equation uyy = utuxy−uyutx they are graded. The symmetry algebra of the
modified Veronese web equation uty = utuxy − uyutx is filtered (almost-graded). The corresponding
algebra for the VWE (1) seemingly admits no reasonable grading or filtering and contains a real
irremovable parameter λ. It will be interesting to study the properties of this algebra in more detail
elsewhere.
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